Abstract. Asymptotic expansions of eigenvalues are presented for both the CrouzeixRaviart element and the enriched Crouzeix-Raviart element. The main challenge of the analysis comes from the facts that both elements are nonconforming and that their canonical interpolations lack a crucial superclose property. One major idea here is to use a commuting property of the canonical interpolation operators of both nonconforming elements, which overcomes the difficulty caused by nonconformity of finite element functions. Another major idea here is to explore a special relation between these nonconforming elements and the lowest order mixed Raviart-Thomas element, which makes it possible to employ an superclose property of the canonical interpolation of this mixed element. In particular, it remedies the lack of the superclose property of these canonical interpolations of both nonconforming elements.
Introduction
Extrapolation methods are efficient techniques to achieve high accuracy and based on asymptotic expansions of approximate solutions. The classical analysis of asymptotic expansions is usually carried out by using the superclose property of the canonical interpolation of the element under consideration, see for instance [2, 4, 6, 12, [14] [15] [16] [17] [18] [19] [20] [21] and the references therein. For the Crouzeix-Raviart (CR for short hereinafter) element, the extrapolation methods in [13] were examined to improve the accuracy of discrete eigenvalues from second order to forth order. But no asymptotic expansions were analyzed there to justify the experimental results. One major difficulty lies in that the canonical interpolations of both the CR element and the enriched Crouzeix-Raviart (ECR for short hereinafter) element do not admit such a superclose property.
In this paper, asymptotic expansions of eigenvalues are analyzed for both the CR element and the ECR element for the first time, and are employed to design high accuracy extrapolation methods. One major idea here is to use a commuting property of the canonical interpolation operators of both nonconforming elements. This helps to overcome the The authors were supported by NSFC projects 11625101, 91430213 and 11421101. 1 difficulty caused by nonconformity of finite element functions. Another major idea here is to explore a special relation between these nonconforming elements and the lowest order mixed Raviart-Thomas(RT for short hereinafter) element, more precisely, the facts that there is a special relation between the CR element and the RT element [22] and that the ECR element is equivalent to the RT element [11] . The canonical interpolation of the mixed RT element, unlike those of the CR element and the ECR element, admits the crucial superclose property [3, 10] . This remedies the lack of the superclose property of these canonical interpolations of both nonconforming elements. As a result, it leads to the desired asymptotic expansions of eigenvalues by the CR element and the ECR element, respectively.
A similar idea also works for the Morley element for forth order elliptic eigenvalue problems. Like the CR element and the ECR element, the canonical interpolation of the Morley element does not admit the required superclose property. This certainly causes the difficulty in using the classic analysis to obtain asymptotic expansions of eigenvalues by the Morley element. Since the Morley element is equivalent to the mixed HellanHerrmann-Johnson element [1] , and the canonical interpolation of this mixed element admits the crucial superclose property, asymptotic expansions of eigenvalues by the Morley element are accordingly established, hence, employed to construct more accurate eigenvalue approximations.
The remaining paper is organized as follows. Section 2 presents second order elliptic eigenvalue problems and some notations. Section 3 explores asymptotic expansions of approximate eigenvalues for the CR element and the ECR element, and proves the efficiency of extrapolation methods. Section 4 presents some numerical tests.
Notations and Preliminaries
2.1. Notations. We first introduce some basic notations. Given a nonnegative integer k and a bounded domain Ω ⊂ R 2 with boundary ∂Ω, let W k,∞ (Ω, R), H k (Ω, R), · k,Ω and | · | k,Ω denote the usual Sobolev spaces, norm, and semi-norm, respectively. And
Denote the standard L 2 (Ω, R) inner product and L 2 (K, R) inner product by (·, ·) and (·, ·) 0,K , respectively.
Suppose that Ω ⊂ R 2 is a bounded polygonal domain covered exactly by a shape-regular partition T h into simplices. Let |K| denote the volume of element K and |e| the length of edge e. Let h K denote the diameter of element K ∈ T h and h = max K∈T h h K . Denote the set of all interior edges and boundary edges of T h by E i h and E b h , respectively, and for any piecewise function v. For K ⊂ R 2 , r ∈ Z + , let P r (K) be the space of all polynomials of degree not greater than r on K. For r ≥ 1, denote
Denote the piecewise gradient operator and the piecewise hessian operator by ∇ h and ∇ 2 h , respectively.
Let element K have vertices
the perpendicular heights, and
the unit outward normal vectors(see Figure 1) . Denote the centroid of element K by M K . Denote the second order derivatives Throughout the paper, a positive constant independent of the mesh size is denoted by C, which refers to different values at different places. For ease of presentation, we shall use the symbol A B to denote that A ≤ CB.
2.2.
Nonconforming elements of eigenvalue problems. Consider a model eigenvalue problem of finding : (λ, u) ∈ R × V such that u 0,Ω = 1 and
is symmetric, bounded, and coercive in the following sense:
The eigenvalue problem (2.1) has a sequence of eigenvalues
and the corresponding eigenfunctions
Let V h be a nonconforming finite element approximation to V over T h . The corresponding finite element approximation of (2.1) is finding (λ h , u h ) ∈ R × V h , such that u h 0,Ω = 1 and
where the discrete bilinear form a h (w h , v h ) is defined elementwise as
is a norm over the discrete space V h , the discrete problem (2.2) admits a sequence of discrete eigenvalues
We consider the following two nonconforming elements: the CR element and the ECR element.
• The CR element space over T h is defined in [5] by
[v] ds = 0 for any e ∈ E Moreover, we define the canonical interpolation operator Π CR :
Denote the approximate eigenpair of (2.2) in the nonconforming space V CR by (λ CR , u CR ) with u CR 0,Ω = 1.
• The ECR element space over T h is defined in [9] by
[v] ds = 0 for any e ∈ E with ECR(K) = P 1 (K) + span x 2 1 + x 2 2 . Define the canonical interpolation operator Π ECR :
Denote the approximate eigenpair of (2.2) in the nonconforming space V ECR by (λ ECR , u ECR ) and u ECR 0,Ω = 1.
It follows from the theory of nonconforming eigenvalue approximations in [9] that
For the CR element and the ECR element, there holds the following commuting property of the canonical interpolations
see [5, 9] for details. This commuting property is crucial for analyzing asymptotic expansions of eigenvalues by these two nonconforming elements.
For the CR element, there exists the following identity
The term a h (u, u CR ) − λ CR (u, u CR ) represents the consistency error of this nonconforming element and depends on the discrete eigenpair. It is difficult to establish an asymptotic expansion for this consistency error term directly. The novelty herein is to employ the canonical interpolation operator Π CR of the CR element. Thanks to the crucial commuting property (2.7), the consistency error term can be expressed by the interpolation error of eigenfunctions, namely
As a result,
,Ω . The asymptotic exact expansions of eigenvalues by the CR element in this paper are based on this crucial identity. Since the ECR element also admits the commuting property, a similar identity to (2.9) holds for approximate eigenpairs (λ ECR , u ECR ).
2.3. Raviart-Thomas element of source problem. We introduce the lowest order RT element [23] whose shape function space is
The corresponding global finite element space reads
To get a stable pair of space, the piecewise constant space is used to approximate the displacement, namely,
We consider the following source problem: seeks (σ λu
RT is the RT element solution of σ λu := ∇u. It follows from the theory of mixed finite element methods [7] that
The Fortin interpolation operator, which is widely used in error analysis, such as [7, 8] , is defined by Π RT :
T n e ds = 0 for any e ∈ E h , τ ∈ H 1 (Ω, R 2 ).
According to [10] , there exists the following superconvergence property for the RT element.
Lemma 2.1. Suppose that (σ λu
RT , u λu RT ) is the solution of problem (2.10) and u ∈ H 7 2 (Ω, R 2 ). It holds that
2.4. Some identities. Some identities of the canonical interpolation errors for the CR element and the RT element are proved here.
. We introduce five short-hand notations
Note that functions φ 1 RT and φ 2 RT belong to the compliment space of the shape function space of the RT element with respect to ∇P 2 (K), and functions φ 1 CR , φ 2 CR and φ 3 CR belong to the compliment space of the shape function space of the CR element with respect to P 2 (K). It is easy to verify that (2.13)
Lemma 2.2. For any quadratic function w ∈ P 2 (K),
Proof. Note that φ 1 CR , φ 2 CR and φ 3 CR are linearly independent, and
It follows from the definition of the interpolations Π CR , Π ECR and (2.13) that
Thus, the interpolation error (I − Π CR )w can be expressed in the following form:
The coefficients c i can be determined by taking second order derivatives on both sides of the above identity. It leads to
and
which proves (2.14). A similar procedure verifies the expansions (2.15), which completes the proof. 
Lemma 2.3. For any quadratic function w
are constants which are independent of the mesh size h. Proof. Notice that
where
Note that both a 1 j
RT and a 2 j
RT are constants independent of mesh size h. Thus,
are independent constants of the mesh size h. According to (2.15), 19) which completes the proof for (2.16). RT are independent of h,
are independent constants of the mesh size h. Combining (2.15) with the above equation, we have
which completes the proof for (2.18).
It follows from (2.4) and (2.14) that
36 and γ
144 independent of h.
Asymptotic expansions of eigenvalues by nonconforming elements
In this section, asymptotic expansions of eigenvalues are established and employed to achieve high accuracy extrapolation methods for the CR element and the ECR element.
For the CR element and the ECR element, their canonical interpolations do not admit the usual superclose property with respect to the finite element solutions in the energy norm. The lack of this crucial superclose property makes it difficult to establish asymptotic expansions of eigenvalues by only using the canonical interpolations of both nonconforming elements.
To overcome such a difficulty, a new idea is proposed to expand the errors ∇u − ∇ h u CR and ∇u − ∇ h u ECR in (2.9). The key of the idea is to use the canonical interpolation operator Π RT of the RT element, together with Π CR and Π ECR defined in (2.3) and (2.4), respectively.
Asymptotic expansions of eigenvalues by the ECR element.
Consider the source problem: seeks u λu
Lemma 3.1. Suppose that (λ, u) is the eigenpair of (2.1), (λ ECR , u ECR ) is the corresponding approximate eigenpair of (2.2) by the ECR element and u λu ECR is the approximate solution of (3.1).
Proof. A combination of (2.2) and (3.1) yields
Thanks to (3.1),
A substitution of (3.4) and (3.5) to (3.3) leads to
which completes the proof.
The following equivalence between the ECR element and the RT element [11] is crucial for expansions of eigenvalues by the ECR element
As a consequence, Proof. By the interpolation Π RT ∇u and the solution σ λu RT of the source problem (2.10), the error of the approximate eigenfunction in energy norm can be decomposed as
Since σ λu RT is the RT element solution of ∇u, the superconvergence of the RT element in (2.12) leads to
The superconvergence result (3.6) implies
It follows from (2.12) and (3.6) that
A substitution of (2.12), (3.6), (3.8), (3.9) and (3.10) into (3.7) concludes
In the following theorem, asymptotic expansions of eigenvalues by the ECR element are established and employed to prove that the accuracy of approximate eigenvalues is improved from a second order to a third order by extrapolation methods.
Denote the interpolation operators
respectively. Proof. A similar identity of (2.9) holds for the ECR element, namely,
).
Thanks to the definition of the interpolation Π ECR ,
By (2.6),
Due to the Bramble-Hilbert lemma, (2.15) and (2.16),
(3.14)
A substitution of (3.14) into (3.13) leads to
which completes the proof for (3.12). As a consequence,
,Ω , which completes the proof.
Asymptotic expansions of eigenvalues by the CR element.
Let u λu CR ∈ V CR be the solution of the following source problem 
It follows from (3.11) that
A combination of (3.17) and (3.18) concludes
According to [22] , there exists the following special relation between (σ λu RT , u λu RT ), which is the solution of (2.10), and u λΠ 0 h u CR , which is the solution be of (3.16).
with M K the centroid of element K. This identity plays an important role in the analysis of asymptotic expansions of eigenvalues by the CR element. By (3.20), a direct computation yields 
Proof. A similar procedure of (3.7) yields Since σ λu RT is the RT element solution of ∇u, the superconvergence of the RT element in Theorem 2.1 reads
,Ω , and leads to (3.26) (∇u − Π RT ∇u,
,Ω |u| 2,Ω . For the difference between the solution of the eigenvalue problem (2.2) and the source problem (3.16) by the CR element, it follows from the superconvergence result (3.19) that
A substitution of (3.19), (3.25), (3.26), (3.27), (3.28), (3.29) into (3.23) yields
(3.30)
Due to the special relation between the CR element and the RT element in (3.20), a combination of (3.11) and (3.21) yields
By (3.20) ,
A substitution of (3.31), (3.32) into (3.30) concludes
By a similar proof for Theorem 3.1, asymptotic expansions of eigenvalues by the CR element are established in the following theorem.
Theorem 3.2.
Suppose that (λ, u) is the eigenpair of (2.1) with u ∈ H 7 2 (Ω, R) ∩ H 1 0 (Ω, R), and (λ CR , u CR ) is the corresponding approximate eigenpair of (2.2) by the CR element on an uniform triangulation T h . It holds that Proof. A similar analysis to the one in Theorem 3.1 gives
A combination of the Bramble-Hilbert lemma and (2.17) yields
A substitution of (3.14) and (3.35) into (3.34) leads to
which completes the proof for (3.33). As a consequence, 
,Ω .
Numerical examples
This section presents five numerical tests. The first four examples compute eigenvalues of the Laplacian operator, and the last one deals with eigenvalues of the biharmonic operator. Figure 2 plots the errors of the first approximate eigenvalues by the CR element, the ECR element and their corresponding extrapolation eigenvalues on the aforementioned uniform triangulations. As showed in Figure 2 , the convergence rate 3 of the extrapolation eigenvalues λ EXP CR and λ EXP ECR in Theorem 3.3 and Theorem 3.2 is verified. However, the numerical results indicate a higher convergence rate 4.
The eigenvalue problem is also solved on other triangulations. The level one triangulation T 1 is showed in Figure 3 . Each triangulation T i is refined into a half-sized triangulation uniformly to get a higher level triangulation T i+1 . The errors of the approximate eigenvalues λ CR , λ ECR , λ EXP CR and λ EXP ECR are recorded in Table 1 . It shows that on such triangulations, which are not uniform any more, the convergence rates of the extrapolation eigenvalues are still over 3. 
Example 2.
Next we consider the following eigenvalue problem:
In this case, there exists an eigenpair (λ, u) where
We solve this problem on the same sequence of uniform triangulations employed in Example 1. 
Example 3.
In this experiment, we consider the eigenvalue problem (2.1) on the domain which is an equilateral triangle:
The boundary consists of three parts:
there exists an eigenpair (λ, u), where λ = 
The level one triangulation T 1 is obtained by refining the domain Ω into four half-sized triangles. Each triangulation T i is refined into a half-sized triangulation uniformly, to get a higher level triangulation T i+1 . Table 2 . Errors and convergence rates of eigenvalues by the CR element, the ECR element and corresponding extrapolation methods for Example 3. Table 2 records the errors of the first approximate eigenvalues by the CR element, the ECR element and their corresponding extrapolation eigenvalues on the uniform triangulations. As showed in Table 2 , the convergence rate 3 of the extrapolation eigenvalues λ EXP CR and λ EXP ECR in Theorem 3.3 and Theorem 3.2 is verified. However, the numerical results indicate a higher convergence rate 4.
Example 4. Next we consider the following eigenvalue problem
. For this problem, the third and the eighth eigenvalues are known to be 2π 2 and 4π 2 , respectively, and the corresponding eigenfunctions are smooth. In the computation, the level one triangulation is obtained by dividing the domain into three unit squares, each of which is further divided into two triangles. Each triangulation is refined into a half-sized triangulation uniformly to get a higher level triangulation. Since exact eigenvalues of this problem are unknown, we solve the first eight eigenvalues by the conforming P 3 element on the mesh T 9 , and take them as reference eigenvalues.
For the first ten eigenvalues, Table 3 records the errors of the approximate eigenvalues by the CR element and the corresponding extrapolation methods. For the smooth eigenfunctions, such as the third and the eighth ones, the convergence rates of the corresponding eigenvalues are improved from 2 to 4 by extrapolation methods. This improvement coincides with the analysis in Theorem 3.3. A significant improvement in the accuracy of eigenvalues is shown in Table 3 even when the corresponding eigenfunctions are not smooth enough. Table 4 lists the errors and convergence rates of the approximations to the first ten eigenvalues by the ECR element and the corresponding extrapolation methods. Similar to the results in Table 4 , extrapolation methods lead to a remarkable improvement in the accuracy of eigenvalues by the ECR element. The problem is solved by the Morley element on the same sequence of uniform triangulations in Example 1. It is known that the first eigenvalue of this problem is λ = 4π 4 , and the convergence rates of approximate eigenvalues by the Morley element are 2. Figure 5 plots the errors of eigenvalues by the Morley element and the corresponding extrapolation methods. The convergence rate of eigenvalues by the Morley element is improved remarkably from second order to forth order, which meets the result in Theorem 3.1.
